Abstract. We consider higher extensions of diffeomorphism groups and show how these naturally arise as the group stacks of automorphisms of manifolds that are equipped with higher degree topological structures, such as those appearing in topological field theories. Passing to the groups of connected components, we obtain abelian extensions of mapping class groups and investigate when they are central. As a special case, we obtain in a natural way the Z-central extension needed for the anomaly cancellation of 3d Chern-Simons theory.
Introduction
In higher (stacky) geometry, there is a general and fundamental class of higher (stacky) group extensions:The authors would like to thank Oscar Randal-Williams and Chris Schommer-Pries for useful comments" for ψ : Y → B any morphism between higher stacks, the automorphism group stack of Y over B extends the automorphisms of Y itself by the loop object of the mapping stack [Y, B] based at ψ. This is not hard to prove [Sc13] , but as a general abstract fact it has many non-trivial incarnations. In [FRS13] it is shown how for B a universal moduli stack for ordinary differential cohomology, these extensions generalize the Heisenberg-Kirillov-Kostant-Souriau-extension from prequantum line bundles to higher "prequantum gerbes" which appear in the local (or "extended") geometric quantization of higher dimensional field theories. Here we consider a class of examples at the other extreme: we consider the case in which B is geometrically discrete (i.e., it is a locally constant ∞-stack), and particularly the case that B is the homotopy type of the classifying space of the general linear group. In this special case, due to the fact that geometric realization of smooth ∞-stacks happens to preserve homotopy fibers over geometrically discrete objects [Sc13] , the general extension theorem essentially passes along geometric realization. Hence, where the internal extension theorem gives extensions of smooth diffeomorphism groups by higher homotopy types, after geometric realization we obtain higher extensions of the homotopy type of diffeomorphism groups, and in particular of mapping class groups.
A key application where extensions of the mapping class group traditionally play a role is anomaly cancellation in 3-dimensional topological field theories, e.g., in 3d Chern-Simons theory, see, e.g., [Wi89] . The results presented here naturally generalize this to higher extensions relevant for higher dimensional topological quantum field theories (TQFTs). More precisely, by functoriality, a 3d TQFT associates to any connected oriented surface Σ a vector space V Σ which is a linear representation of the oriented mapping class group Γ or (Σ) of Σ. However, if the 3d theory has an "anomaly", then the vector space V Σ fails to be a genuine representation of Γ or (Σ), and it rather is only a projective representation. One way to think of this phenomenon is to look at anomalous theories as relative theories, that intertwine between the trivial theory and an invertible theory, namely the anomaly. See, e.g. [FT12, FV14] . In particular, for an anomalous TQFT of the type obtained from modular tensor categories with nontrivial central charge [Tu94, BK01] , the vector space V Σ can be naturally realised as a genuine representation of a Z-central extension
of the mapping class group Γ(Σ). As suggested in Segal's celebrated paper on conformal field theory [Se04] , these data admit an interpretation as a genuine functor where one replaces 2-dimensional and 3-dimensional manifolds by suitable "enriched" counterparts, in such a way that the automorphism group of an enriched connected surface is the relevant Z-central extension of the mapping class group of the underlying surface. Moreover, the set of (equivalence classes of) extensions of a 3-manifold with prescribed (connected) boundary behaviour is naturally a Z-torsor. In [Se04] the extension consists in a "rigging" of the 3-manifold, a solution which is not particularly simple, and which is actually quite ad hoc for the 3-dimensional case. Namely, riggings are based on the contractibility of Teichmüller spaces, and depend on the properties of the η-invariant for Riemannian metrics on 3-manifolds with boundary. On the other hand, in [Se04] it is suggested that simpler variants of this construction should exist, the leitmotiv being that of associating functorially to any connected surface a space with fundamental group Z. Indeed, there is a well known realization of extended surfaces as surfaces equipped with a choice of a Lagrangian subspace in their first real cohomology group. This is the point of view adopted, e.g., in [BK01] . The main problem with this approach is the question of how to define a corresponding notion for an extended 3-manifold.
In the present work we show how a natural way of defining enrichments of 2-and-3-manifolds, which are topological (or better homotopical) in nature, and in particular do not rely on special features of the dimensions 2 and 3. Moreover, they have the advantage of being immediately adapted to a general TQFT framework. Namely, we consider enriched manifolds as (X, ξ)-framed manifolds in the sense of [Lu09] . In this way, we in particular recover the fact that the simple and natural notion of p 1 -structure, i.e. a trivialization of the first Pontryagin class, provides a very simple realization of Segal's prescription by showing how it naturally drops out as a special case of the "higher modularity" encoded in the (∞, n)-category of framed cobordisms. Finally, if one is interested in higher dimensional Chern-Simons theories, the notable next case being 7-dimensional Chern-Simons theory [FSaS12] , then the above discussion gives general means for determining and constructing the relevant higher extensions of diffeomorphism groups of higher dimensional manifolds. More on this is going to be discussed elsewhere.
The present paper is organised as follows. In section 2 we discuss the ambient homotopy theory H ∞ of smooth higher stacks, and we discuss how smooth manifolds and homotopy actions of ∞-groups can be naturally regarded as objects in its slice ∞-category over the homotopy type BGL(n; R) of the mapping stack BGL(n; R) of principal GL(n; R)-bundles. In section 3 we introduce the notion of a ρ-framing (or ρ-structure) over a smooth manifold, and study extensions of their automorphism ∞-group. We postpone the proof of the extension result to the Appendix. In section 4 we discuss the particular but important case of ρ-structures arising from the homotopy fibers of morphisms of ∞-stacks, which leads to Proposition 4.1, the main result of the present paper. In this section we also consider the case of a manifold with boundaries. In section 5, we apply the abstract machinery developed in the previous sections to the concrete case of the mapping class group usually encountered in relation to topological quantum field theories. The Appendix contains a proof of the extension result in section 4.
Framed manifolds
2.1. From framed cobordism to (X, ξ)-manifolds. The principal player in Lurie's formalization and proof of the cobordism hypothesis [Lu09] are the (∞, n)-categories of framed cobordisms. These framings come in various flavours, from literal n-framings, i.e., trivialisations of the (stabilized) tangent bundle to more general and exotic framings, which Lurie calls (X, ξ)-structures. Presumably to keep the note at the lowest possible technical level, Lurie avoids to say explicitly that he is working in a slice. However, this is what he is secretely doing, and the slice over BGL(n; R) is the unifying principle governing all the framings in [Lu09] . Here we make the role played by BGL(n; R) more explicit. This will allow us not only to see Lurie's framings from a unified perspective, but also to consider apparently more exotic (but actually completely natural) framings given by characteristic classes for the orthogonal group.
2.1.1. Homotopies, homotopies, homotopies everywhere. The natural ambient category where all the constructions presented in this note take place is an alternative enrichment H ∞ of the ∞-topos H of smooth higher stacks 1 . We will not go into the technicalities of higher toposes or higher smooth stacks in the present work: at any point where one might be unsure on what is precisely going on, mumbling several times the mantra "BG is a smooth stack" will make everything appear suddenly clear. The reader who is skeptical of the effectiveness of these transcendental methods will find a complete and fully rigorous treatment of the theory of higher smooth stacks in [Sc13] . Also the first sections of [FScS12] can serve as a friendly introduction to the subject. Also, a rigorous construction of H ∞ is beyond the aims of this note, and will be presented in detail elsewhere: here, we will content ourself with an informal description, which will suffice to motivate and justify the construction. The reason we need to refine H is that H itself is too rigid (or, in other words, the homotopy type of its hom-spaces is too simple) for our aims. For instance, given two smooth manifolds Σ 1 and Σ 2 , the ∞-groupoid H(Σ 1 , Σ 2 ) is 0-truncated, i.e., it is just a set. Namely, H(Σ 1 , Σ 2 ) is the set of smooth maps from Σ 1 and Σ 2 and there are no nontrivial morphisms between smooth maps in H(Σ 1 , Σ 2 ). In other words, two smooth maps between Σ 1 and Σ 2 either are equal or they are different: in this hom-space there's no such thing as "a smooth map can be smoothly deformed into another smooth map", which however is a kind of relation that geometry naturally suggests. To take it into account, we make the topology (or, even better, the smooth structure) of Σ 1 and Σ 2 come into play, and we use it to informally define H ∞ (Σ 1 , Σ 2 ) as the ∞-groupoid whose objects are smooth maps between Σ 1 and Σ 2 , much as for H(Σ 1 , Σ 2 ), but whose 1-morphism are the smooth homotopies between smooth maps, and we also have 2-morphisms given by homotopies between homotopies, 3-morphisms given by homotopies between homotopies between homotopies, and so on. A formal definition is
where [ , ] denotes the internal-hom in H and ΠX is the smooth Poincaré ∞-groupoid of X. Similarly we write Aut ∞ (Σ) for the sub-object of invertible objects in H ∞ (Σ, Σ). Here is another example. For G a Lie group, we will write BG for the smooth stack of principal G-bundles. This means that for Σ a smooth manifold, a morphism f : Σ → BG is precisely a G-principal bundle over Σ. So, in particular, BGL(n; R) is the smooth stack of principal GL(n; R)-bundles. Identifying a principal GL(n; R)-bundle with its associated rank n real vector bundle, BGL(n; R) is equivalently the smooth stack of rank n real vector bundles and their isomorphisms. In particular, a map Σ → BGL(n; R) is precisely the datum of a rank n vector bundle on the smooth manifold Σ. Again, for a given smooth manifold Σ, the homotopy type of H(Σ, BG) is too rigid for our aims: the ∞-groupoid H(Σ, BG) is actually a 1-groupoid. This means that we have objects, which are the principal G-bundles over Σ, and 1-morphism between these objects, which are isomorphisms of principal G-bundles, and then nothing else: we do not have nontrivial morphisms between the morphisms, and there's no such a thing like "a morphism can be smoothly deformed into another morphism", which again is something very natural to consider from a geometric point of view. Making the smooth structure of the group G come into play we get the following description of the ∞-groupoid H ∞ (Σ, BG): its objects are the principal G-bundles over Σ and its 1-morphism are the 1 The construction presented here is possible since H is cohesive as an ∞-topos: this guarantees that the ∞-functor Π from H to ∞-groupoids does indeed exist, and preserves products. Notice that the ordinary enrichment of H is instead given by
, where ♭ is the right adjoint to Π. See [Sc13] for details.
isomorphisms of principal G-bundles, much as for H(Σ, BG), but then we have also 2-morphisms given by isotopies between isomorphisms, 3-morphisms given by isotopies between isotopies, and so on. Notice that we have a canonical ∞-functor
This is nothing but saying that for j ≥ 2, the j-morphisms in H(Σ, BG) are indeed very special j-morphisms in H ∞ (Σ, BG), namely the identities. Moreover, when G happens to be a discrete group, this embedding is actually an equivalence of ∞-groupoids.
2.2.
Geometrically discrete ∞-stacks and the homotopy type BGL(n). The following notion will be of great relevance for the results of this note. We have an inclusion
given by regarding an ∞-groupoid G as a constant presheaf over Cartesian spaces. We will say that an object in H is a geometrically discrete ∞-stack if it belongs to the essential image of LConst. An example of a geometrically discrete object in H is given by the 1-stack BG, with G a discrete group. More generally, for A an abelian discrete group the (higher) stacks B n A of principal A-n-bundles are geometrically discrete. The importance of considering geometrically discrete ∞-stacks is that the functor Π introduced before is left adjoint to LConst. In particular we have a canonical counit morphism
which is the canonical morphism from a smooth stack to its homotopy type (and which corresponds to looking at points of a smooth manifold Σ as constant paths into Σ). In particular, for G a group, we will write BG for the homotopy type of BG, i.e., we set BG := LConst(Π(BG)). (Notice that since LConst is a fully faithful inclusion, there is no harm in suppressing it notationally, which we will freely do.) This is equivalently the traditional classifying space for the group G (or rather of its principal bundles). The counit then becomes a canonical morphism
which is an equivalence for a discrete group G. This tells us in particular that any object over BG is naturally also an object over BG. For instance (and this example will be the most relevant for what follows), a choice of a rank n vector bundle over a smooth manifold Σ realises Σ as an object over BGL(n; R). Notice how we have a canonical morphism
obtained by composing the canonical morphism H(Σ, BG) → H ∞ (Σ, BG) mentioned in the previous section with the push forward morphism
The main reason to focus on geometrically discrete stacks is that, though Π preserves finite products, it does not in general preserve homotopy pullbacks. Neverthless, Π does indeed preserve homotopy pullbacks of diagrams whose tip is a geometrically discrete object in H [Sc13].
2.2.1. Working in the slice. Let now n be a fixed nonnegative integer and let 0 ≤ k ≤ n. Any k-dimensional smooth manifold M k comes canonically equipped with a rank n real vector bundle given by the stabilized tangent bundle
denotes the trivial rank (n − k) real vector bundle over M k . We can think of the stabilised tangent bundle 3 as a morphism
where GL(n), as in the following, denotes GL(n; R). Namely, we can regard any smooth manifold of dimension at most n as an object over BGL(n). This suggests that a natural setting to work in is the slice topos H ∞ /BGL(n) , which in the following we will refer 2 In terms of cohesion this is a component of the canonical points-to-pieces-transform
3 To be precise, T st is the map of stacks induced by the frame bundle of the stabilised tangent bundle to M k .
to simply as "the slice": in other words, all objects involved will be equipped with morphisms to BGL(n), and a morphism between X ϕ − → BGL(n) and Y ψ − → BGL(n) will be a homotopy commutative diagram
More explicitly, if we denote by E ϕ and E ψ the rank n real vector bundles over X and Y corresponding to the morphisms ϕ and ψ, respectively, then we see that a morphism in the slice between X ϕ − → BGL(n) and Y ψ − → BGL(n) is precisely the datum of a morphism f : X → Y together with an isomorphism of vector bundles over X,
Notice that these are precisely the same objects and morphisms as if we were working in the slice over BGL(n) in H. Neverthless, as we will see in the following sections, where the use of H ∞ makes a difference is precisely in allowing nontrivial higher morphisms. Also, the use of the homotopy type BGL(n) in place of the smooth stack BGL(n) will allow us to make all constructions work "up to homotopy", and to identify, for instance, BGL(n) with BO(n).
Example 2.1. The inclusion of the trivial group into GL(n) induces a natural morphism * → BGL(n), corresponding to the choice of the trivial bundle. If M k is a k-dimensional manifold, then a morphism
is precisely a trivialisation of the stabilised tangent bundle of M k , i.e., an n-framing of M .
Example 2.2. Let X be a smooth manifold, and let ζ be a rank n real vector bundle over X, which we can think of as a morphism ρ ζ : X → BGL(n). Then a morphism
is precisely the datum of a smooth map f : M k → X and of an isomorphism η :
. These are the data endowing M k with a (X, ζ)-structure in the terminology of [Lu09] .
The examples above suggest to allow X to be not only a smooth manifold, but a smooth ∞-stack. While choosing such a general target (X, ζ) could at first seem like a major abstraction, this is actually what one commonly encounters in everyday mathematics. For instance a lift through BO(n) → BGL(n) is precisely a (n-stable) Riemannian structure. Generally, for G ֒→ GL(n) any inclusion of Lie groups, or even more generally for G → GL(n) any morphism of Lie groups, then a lift through BG → BGL(n) is a (n-stable) G-structure, e.g., an almost symplectic structure, an almost complex structure, etc. (one may also phrase integrable G-structures in terms of slicing, using more of the axioms of cohesion than we need here). For instance, the inclusion of the connected component of the identity GL + (n) ֒→ GL(n) corresponds to a morphism of higher stacks ι : BGL + (n) → BGL(n), and a morphism in the slice from (M k , T st ) to (BGL + (n), ι) is precisely the choice of a (stabilised) orientation on M k . For G a higher connected cover of O(n) then lifts through BG → BO(n) → BGL(n) correspond to spin structures, string structures, etc. On the other hand, since BO(n) → BGL(n) is an equivalence, a lift through BO(n) → BGL(n) is no additional structure on a smooth manifold M k , and the stabilized tangent bundle of M k can be equally seen as a morphism to BO(n). Similarly, for G → GL(n) any morphism of Lie groups, lifts of T st through BG → BGL(n) correspond to (n-stable) topological G-structures.
2.3.
From homotopy group actions to objects in the slice. We will mainly be interested in objects of H ∞ /BGL(n) obtained as a homotopy group action of a smooth (higher) group G on some stack X, when G is equipped with a ∞-group morphism to GL(n). We consider then the following Definition 2.3. A homotopy action of a smooth ∞-group G on X is the datum of a smooth ∞-stack X// h G together with a morphism ρ : X// h G → BG satisfying the following homotopy pullback diagram
Unwinding the definition, one sees that a homotopy action of G is nothing but an action of the homotopy type of G and that X// h G is realised as the stack quotient X//Π(G). See [NSS12a] for details. Since G is equipped with a smooth group morphism to GL(n), and since this induces a morphism of smooth stacks BG → BGL(n), the stack X// h G is naturally an object over BGL(n). In particular, when X is a deloopable object, i.e., when there exists a stack Y such that ΩY ∼ = X, then one obtains a homotopy G-action out of any morphism c : BG → Y . Indeed, in this situation one can define X// h G → BG by the homotopy pullback
By using the pasting law for homotopy pullbacks, we can see that X, X// h G, and the morphism ρ c fit in a homotopy pullback diagram as in (13).
Example 2.4. Let c be a degree d + 1 characteristic class for the group SO(n). Then c can be seen as the datum of a morphism of stacks c :
Z is the smooth stack associated by the Dold-Kan correspondence to the chain complex with Z concentrated in degree d + 1, i.e., the stack (homotopically) representing degree d + 1 integral cohomology. Notice how the discreteness of the abelian group Z came into play to give the equivalence B d+1 Z ∼ = B d+1 Z. Since we have ΩB d+1 Z ∼ = B d Z, the characteristic class c defines a homotopy action
and so it realises B d Z// h SO(n) as an object in the slice H ∞ /BGL(n) . For instance, the first Pontryagin class p 1 induces a homotopy action
ρ-framed manifolds and their automorphisms ∞-group
We can now introduce the main definition in the present work.
Definition 3.1. Let M be a k-dimensional manifold, and let ρ : X → BGL(n) be a morphisms of smooth ∞-stacks, with k ≤ n. Then a ρ-framing (or ρ-structure) on M is a lift of the stabilised tangent bundle seen as a morphism T st : M → BGL(n) to a morphism σ : M → X, namely a homotopy commutative diagram of the form
By abuse of notation, we will often say that the morphism σ is the ρ-framing, omitting the explicit reference to the homotopy η, which is, however, always part of the data of a ρ-framing. Since the morphism ρ : X → BGL(n) is an object in the slice H ∞ / BGL(n)
, we can consider the slice over ρ:
) /ρ . Although this double slice may seem insanely abstract at first, it is something very natural. Its objects are homotopy commutative diagrams, namely 2-simplices (18) Yρ
while its morphisms are homotopy commutative 3-simplices
where for readability we have omitted the homotopies decorating the faces and the interior of the 3-simplex, and similarly, additional data must be provided for higher morphisms. In particular we see that a ρ-framing σ on M is naturally an object in the double slice (H / BGL(n) ) /ρ . Moreover, the collection of all k-dimensional ρ-framed manifolds has a natural ∞-groupoid structure which is compatible with the forgetting of the framing, and with the fact that any ρ-framed manifold is in particular an object in the double slice (H ∞ / BGL(n) ) /ρ . More precisely, let M k denote the ∞-groupoid whose objects are k-dimensional smooth manifolds, whose 1-morphisms are diffeomorphisms of k-dimensional manifolds whose 2-morphisms are isotopies of diffeomorphisms, and so on 4 . There is then an ∞-groupoid M ρ k of ρ-framed k-dimensional manifolds which is a ∞-subcategory of (H ∞ / BGL(n) ) /ρ , and comes equipped with a forgetful ∞-functor
Namely, since the differential of a diffeomorphism between k-dimensional manifolds M and N can naturally be seen as an invertible 1-morphism between M and N as objects over BGL(n), we have a natural (not full) embedding
Consider then the forgetful functor
We have then the following important
. The ∞-groupoid M ρ k is then defined as the homotopy pullback diagram
The ∞-groupoid M k can be rigorously defined as Ω(Cobt(k)), where Cobt(k) is the (∞, 1)-category defined in [Lu09] in the context of topological field theory.
Given two ρ-framed k-dimensional manifolds (M, σ, η) and (N, τ, ϑ),
In particular, if we denote with Diff(M ) the ∞-groupoid of diffeomorphisms of M , namely the automorphism ∞-group of M as an object in M k , and we accordingly write Diff ρ (M, σ) for the automorphisms ∞-group of (M, σ) as an object in M ρ k , then we have a homotopy pullback (25) Diff
where Aut ∞ (−) (−) denotes the homotopy type of the relevant H-internal automorphisms ∞-group. In particular, to abbreviate the notation, we will denote with Aut 
3.1. Functoriality and homotopy invariance of M ρ k . In this section we will explore some of the properties of M ρ k , which will be useful in the following. It immediately follows from the definition that the forgetful functor M ρ k → M k is a equivalence for ρ : X → BGL(n) an equivalence in H ∞ (X, BGL(n)). In particular, if ρ is the identity morphism of BGL(n) and we write M
Less trivially, if X = BO(n), and ρ is the natural morphism
induced by the inclusion of O(n) in GL(n), then ρ is again an equivalence, and we get M (24), and using the pasting law) fits into the homotopy pullback diagram
where Ψ * denotes the base changing ∞-functor on the slice topos. The homotopy equivalences illustrated above are particular cases of this functoriality: indeed, when ψ is invertible, then ψ * is invertible as well (up to coherent homotopies, clearly).
Recall from Example 2.4 that for any characteristic class c of SO(n) we obtain an object ρ c in the slice H ∞ /BGL(n) . In this way we obtain natural morphisms
. In particular, by considering the first Pontryagin class p 1 : BSO(n) → B 4 Z, we obtain a canonical morphism
3.2. Extensions of ρ-diffeomorphism groups. We are now ready for the extension theorem, which is the main result of this note. Not to break the flow of the exposition, we will postpone the details of the proof to the Appendix. Let
be a morphism in the slice over BGL(n), as at the end of the previous section, and let
be aρ-structure on M . Then, arguing as in Section 3, associated to any lift
(where we are not displaying the label Σ on the back face, nor the filler β of the 3-simplex) of T to a ρ-structure Σ on M , we have a homotopy pullback diagram
By the pasting law for homotopy pullbacks and from the pasting of homotopy pullback diagrams we have the following homotopy diagram (see Appendix for the proof)
We therefore obtain the homotopy pullback diagram
, by the loop space (at a given lift β) of the space (H ∞ /BGL(n) ) /ρ (T, Ψ) of lifts of theρ-structure T on M to a ρ-structure Σ. Now notice that, by the Kan condition, we have a natural homotopy equivalence
. Namely, since T and Ψ are fixed, the datum of the filler α is homotopically equvalent to the datum of the full 3-simplex, as T, Ψ and α together give the datum of the horn at the vertex Y . As a consequence we see that the space of lifts of theρ-structure T to a ρ-structure Σ is homotopy equivalent to the space of lifts
of τ to a morphism σ : M → X. We refer the the reader to the Appendix for a rigorous proof of equivalence (38). The arguments above lead directly to Proposition 3.3. Let ρ : X → BGL(n) andρ : Y → BGL(n) be morphisms of ∞-stacks, and let (ψ, Ψ) : ρ →ρ be a morphism in H ∞ /BGL(n) . Let (M, T ) be aρ-framed manifold, and let Σ be a ρ-structure on M lifting T through (α, β). We have then the following homotopy pullback
Proof. Combine diagram (37) with equivalence (38), which preserves homotopy pullbacks. Yρ
is contractible since id Y is the terminal object in the slice H ∞ /Y and so one finds that the extension of Diffρ(M, T ) is the trivial one in this case, as expected.
Lifting ρ-structures along homotopy fibres
In this section we will investigate a particularly simple and interesting case of the lifting procedure of ρ-structures, and of extensions of ρ-diffeomorphisms ∞-groups, namely the case when ψ : X → Y is the homotopy fibre in H ∞ of a morphism c : Y → Z from Y to some pointed stack Z. In this case, by the universal property of the homotopy pullback, the space H ∞ /Y (τ, ψ) of lifts of theρ-structure τ to a ρ-structure σ is given by the space of homotopies between the composite morphism c • τ and the trivial morphism M → Z given by the constant map on the marked point of Z:
This fact has two important consequences:
• 
Moreover, as soon as (Z, z) is a geometrically discrete pointed ∞-stack, we have ΩH
, where ΩZ denotes the loop space of Z in H at the distinguished point z. In other words, for a geometrically discrete ∞-stack Z, the loop space of Z in H also provides a loop space object for Z in H ∞ . Namely, by definition of H ∞ , showing that
is a homotopy pullback of ∞-groupoids for any ∞-stack W amounts to showing that
is a homotopy pullback, and this in turn follows from the fact that [W, −] preserves homotopy pullbacks and geometrical discreteness, and that Π preserves homotopy pullbacks along morphisms of geometrically discrete stacks [Sc13] . If the pointed stack (Z, z) is geometrically discrete, then so is the stack ΩZ (pointed at the constant loop at z), and so
Therefore, we can assemble the general considerations of the previous section in the following Proposition 4.1. Let ψ : X → Y be the homotopy fibre of a morphisms of smooth ∞-stacks Y → Z, where Z is pointed and geometrically discrete. For anyρ-structured manifold (M, τ ), we have a sequence of natural homotopy pullbacks
whenever a lift to of τ to a ρ-structure σ exists.
4.1. The case of manifolds with boundary. With an eye to topological quantum field theories, it is interesting to consider also the case of k-dimensional manifolds with boundary (M, ∂M ). Since the boundary ∂M comes with a collar in M , i.e. with a neighbourhood in M diffeomorphic to ∂M × [0, 1) the restriction of the tangent bundle of M to ∂M splits as T M | ∂M ∼ = T ∂M ⊕ R ∂M and this gives a natural homotopy commutative diagram (48) ∂M
In particular, for Z = B n A for some discrete abelian group A, the space H ∞,rel (M, ∂M ; B n−1 A) is the space whose set of connected components is the (n − 1)-th relative cohomology group of (M, ∂M ):
Moreover, since B n A is (n − 1)-connected, we see that any homotopy from c • τ | ∂M : ∂M → B n A to the trivial map can be extended to a homotopy from c • τ : M → B n A to the trivial map, as soon as dim M < n. In other words, for Z = B n A, if k < n every ρ-structure on ∂M can be extended to a ρ-structure on M .
The space H ∞,ж /Y ((M, ∂M, τ ), (X, ψ)) has a natural interpretation in terms of ρ-framed cobordism: it is the space of morphisms from the empty manifold to the ρ-framed manifold (∂M, ж), whose underlying nonframed cobordism is M . As such, it carries a natural action of the ∞-group of ρ-framings on the cylinder ∂M × [0, 1] which restrict to the ρ-framing ж both on ∂M × {0} and on ∂M × {1}. These are indeed precisely the ρ-framed cobordisms lifting the trivial non-framed cobordism. Geometrically this action is just the glueing of such a ρ-framed cylinder along ∂M , as a collar in M . On the other hand, by the very definition of H ∞ , this ∞-group of ρ-framed cylinders is nothing but the loop space
, ψ), i.e., the loop space at ж of the space of ρ-structures on ∂M lifting theρ-structure τ | ∂M . Comparing this to the diagram (37), we see that the space of ρ-structures on M extending a given ρ-structure on ∂M comes with a natural action of the ∞-group which is the centre of the extension Diffρ(∂M, ж) of Diffρ(M, τ | ∂M ).
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In the case ψ : X → Y is the homotopy fibre of a morphism c : Y → B n A, passing to equivalence classes we find the natural action of H n−2 (∂M, A) on the relative cohomology group H n−1 (M, ∂M ; A) given by the suspension isomorphism
For instance, if M is a connected oriented 3-manifold with connected boundary ∂M and we choose n = 4 and A = Z, then we get the translation action of Z on itself. 
Mapping class groups of ρ-framed manifolds
In this final section, we consider an application of the general notion of ρ-structure developed in the previous sections to investigate extensions of the mapping class group of smooth manifolds. Inspired by the classical notion of mapping class group, see for instance [Ha12] , we consider the following Definition 5.1. Let M be a k-dimensional manifold, and let ρ : X → BGL(n) be a morphisms of smooth ∞-stacks, with k ≤ n. The mapping class group Γ ρ (M, σ) of a ρ-framed manifold (M, σ) is the group of connected components of the ρ-diffeomorphism ∞-group of (M, σ), namely
In the setting of the Section 4, we consider the case in which the ∞-stack X is the homotopy fiber of a morphism Y → Z, with Z a geometrically discrete ∞-stack. Then, induced by diagram (47), we have the following long exact sequence in homotopy
Notice that the morphism
is a homomorphism at the π 0 level, so it is only a morphism of pointed sets and not a morphism of groups. It is the morphism that associates with a ρ-diffeomorphism f the pullback of the lift σ of τ . In other words, it is the morphism of pointed sets from the set of isotopy classes of ρ-diffeomorphisms to the set of equivalence classes of lifts induced by the natural action This should be compared to Segal's words in [Se04] : "An oriented 3-manifold Y whose boundary ∂Y is rigged has itself a set of riggings which form a principal homogeneous set under the group Z which is the centre of the central extension of Diff(∂Y )." 6 Again, compare to Segal's prescription on the set of riggings on a oriented 3-manifold.
once one picks a distinguished element σ in the set (of equivalence classes of) of lifts and uses it to identify this set with 
